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Soft Clustering Criterion Functions for Partitional
Document Clustering -

Ying Zhao
University of Minnesota, Department of
Computer Science and Engineering
Minneapolis, MN 55455

yzhao@cs.umn.edu

ABSTRACT

Recentlypublishedstudieshave shavn that partitional clustering
algorithmsthatoptimizecertaincriterionfunctions,which measure
key aspectof inter- andintra-clustersimilarity, arevery effective
in producinghard clusteringsolutionsfor documentdatasetsand
outperformtraditional partitionahndagglomeratie algorithms.In
this paperwe study the extent to which thesecriterion functions
canbemodifiedto includesoft membershigunctionsandwhether
or not the resultingsoft clusteringalgorithmscanfurtherimprove
theclusteringsolutions.Specifically we focuson four of thesehard
criterionfunctions,derive their soft-clusteringextensionspresena
comprehensie experimentalevaluationinvolving twelve different
datasetsandanalyzetheir overall characteristicsOur resultsshaov
thatintroducingsoftnessnto thecriterionfunctionstendsto leadto
betterclusteringresultsfor mostdatasetaindconsistentlyimprove
the separatiorbetweerthe clusters.

Keywords

Documentclustering,Soft clustering

1. INTRODUCTION

Fastand high-qualitydocumentclusteringalgorithmsplay anim-
portantrole in helping usersto effectively navigate, summarize,
andorganizean enormousamountof text documentsvailableon
the Internet,digital libraries,news sourcesandcompary-wide in-
tranets.Over the yearsa variety of differentalgorithmshave been
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developed.Thesealgorithmscanbe cateyorizedalongdifferentdi-
mensionsasedeitheron the underlyingmethodologyof the algo-
rithm, leadingto agglomemtive [36, 24, 15, 16,22] or partitional
approachef?8, 20, 32,8, 41, 19, 387, 13], or on thenatureof the
membershigunction, leadingto hard (crisp) or soft (fuzzy)solu-
tions.

In recentyears soft clusteringalgorithmshave beenstudiedin doc-
umentclusteringand shown to be effective [29, 25, 30] in find-
ing both overlappingandnon-overlappying clusters.Studieshave
shavn that“hardening”theresultsobtainedy fuzzy C-meangro-
ducesbetterhard clusteringsolutionsthan direct K-means[17],
which suggestshatincluding softmembershigunctionsinto other
criterion functionsmay leadto betterhard clusteringsolutionsas
well.

Recentlywe studiedseven differenthardpartitionalclusteringcri-
terion functionsin the context of documentclustering,which op-
timize variousaspectof intra-clustersimilarity, inter-clusterdis-
similarity, and their combinationg45, 44, 46]. Our experiments
shaved that different criterion functionsleadto substantiallydif-
ferentresultswhereasour analysisshaved thattheir performance
dependson the degreeto which they can correctly operatewhen
the datasetontainsclustersof differentdensitieq(i.e., they contain
documentsvhosepairwisesimilaritiesaredifferent)andthedegree
to which they canproducebalancedlusters.We alsoshaved that
amongtheseseven criterion functions,thereare a setof criterion
functionsthatconsistentlyoutperformtherest.

Thefocusof this paperis to extendfour of thesehardcriterionfunc-
tions(Z1, Z2, &1, G1 [45]) to allow soft membershigunctions,and
to seewhetheror notintroducingsoftnessnto thesecriterionfunc-
tionsleadsto betterclusteringsolutions. Thesecriterion functions
were selectedbecausehey include someof the best-and worst-
performingschemesandrepresensomeof the mostwidely-used
criterionfunctionsfor documentclustering.We developeda hard-
clusteringbasedoptimizationalgorithmthat optimizesthe various
soft criterion functions. Sincethis optimizationalgorithm simul-
taneouslyproduceshoth a hard and a soft clusteringsolution, we
focusedon evaluatingthe hardclusteringsolutionandcomparedt
with the one obtainedby the hardcriterion functions. We present
a comprehensie experimentalevaluationinvolving twelve differ-
entdatasets Our experimentalresultsshov thatintroducingsoft-
nessinto the criterion functionstendsto consistentlyimprove the
separatiorbetweernthe clusters.Although the experimentalresults
shav somedatasetiependeng for mostdatasetshe soft criterion



functionstendto leadto betterclusteringresults. Moreover, our
experimentalresultsshav that the soft clusteringextensionof the
worst-performinchardcriterionfunction (Z,) achieves thebestrel-
ative improvement.

Therestof this paperis organizedasfollows. Section2 provides
someinformationon hav documentsarerepresenteéndhow the
similarity or distancebetweendocumentds computed. Section3
discussesomeexisting soft clusteringalgorithmsrelatedto our
work. Sections4 and5 describethe four hard criterion functions
that are the focus of this paperand presentgheir soft clustering
extensionsrespectiely. Section6 describeghe algorithmthatop-
timizesthe varioussoft criterion functionsandthe clusteringalgo-
rithm itself. Section7 provides the detailedexperimentalevalu-
ation of the varioussoft criterion functions. Section8 discusses
someimportantobsenations from the experimentalresults. Fi-
nally, Section9 provides someconcludingremarksandfuture re-
searchdirections.

2. PRELIMINARIES

Through-outhis paperwe will usethesymbolsn, m, andk to de-
notethe numberof documentsthe numberof terms,andthe num-
ber of clusters,respectiely. We will usethe symbol.S to denote
the setof n documentghatwe wantto cluster Si, Sa, ..., Sk to

denoteeachoneof thek clustersandni, nas, . .., ng to denotethe
sizesof thecorrespondinglusters.

We representhe documentsusingthe vectorspacemodel[35]. In
this model, eachdocumentd is consideredo be a vectorin the
spaceof the distinct termspresentin the collection. We employ
the tf-idf term-weightingschemethat representg@achdocumentd
asthevector

disigr = (tf, x idf,, tf, x idf,, ... tf

L xidf, ).

In this schemetf, correspondso the frequeng of theith termin
thedocumentndidf, = log(n/df;) correspondso its inversedoc-
umentfrequeng in the collection(df, is the numberof documents
that containthe ith term). To accountfor documentf different
lengths we scalethelengthof eachdocumentvectorsothatit is of

unit length.

We measurethe similarity betweena pair of documentsd; and
d; by taking the cosineof the angle formed betweenthe tf-idf
representationf their vectors.Specifically this is definedas

d;'d;
oSt 6) =
which can be simplified to cos(d;, d;) = d;'d;, sincethe docu-
mentvectorsare of unit length. This similarity measurebecomes
oneif the documentvectorspoint to the samedirection (i.e., they
containidenticalsetof termsin the samerelative proportion),and
zeroif thereis nothingin commonbetweernthem(i.e., the vectors
areorthogonalto eachother).

Finally, givenasetA of document@andtheir correspondingector
representationsye definethe composite vector D4 tobe D4 =
> 4ca d, andthecentroid vectorCs tobeCa = D4 /|Al.

3. RELATED RESEARCH

Soft clusteringthat allavs an objectto appeaiin multiple clusters
hasbeenstudiedextensvely andstill remainsof greatinterest.As
mary datasetandapplicationdomainsrequiresoftclusteringsolu-
tions. Thefuzzy C-meansalgorithm[3] is oneof the mostwidely

usedsoft clusteringalgorithms.It is a soft versionof the K-means
algorithmthatusesa soft membershigunction. Given a setof ob-

jectsds, da, ..., dm, thefuzzy C-meansalgorithmtriesto optimize

aleast-squaredrror criterion:

k N —
Im = Z (Zﬂ'ﬁ“”di 7CTH ) )
r=1

i=1

wherey; - isthed;’smembershipn therth fuzzy clustersatisfying
fozl wir = 1,4, mis thefuzzyfactor andC is thefuzzy cen-
troid. This minimizationproblemcanbe solved analyticallyby us-
ing Lagrangemultipliers,andthe optimizationcanbe achiezed by
iteratively updatingthe membershidunction and fuzzy centroids

asfollows:

R € Vi [ e i
" 25:1(1/”% —6r||2)1/(m71)

N
.- 21:1 N:'?rdi
PERN
Zi:l o

The fuzzy factorm controlsthe fuzzynessof the clusteringsolu-
tion. In general the fuzzynessf the clusteringsolutionincreases
asthevalueof m increasesindvice versa.As m approachesne,
thealgorithmbehaes morelik e standardkK -means.

Othernewly developedsoft clusteringalgorithmsdiffer from fuzzy

C-meansby employing differentdissimilarity functions[4, 29], or

by includingbothasoftmembershigunctionandaweightfunction

(measuringhecontritution of eachobjectin afuzzy cluster)in the

criterion functions (robust fuzzy C-means[21] and K-harmonic
meand43]). HamerlyandElkan[17] providedaninterestingcom-

parisonbetweenK-means,fuzzy C-means, K-harmonic means
and two other variatesto shav the effectivenessof various soft

membershigunctionsandweightfunctions.

Soft clusteringhasbeenappliedto documentlusteringandshovn

to be effective [29, 25, 30]. Oneof the limitations of classicfuzzy

C-meansin documentclusteringis the useof Euclideandistance.
Hence the focusof thatresearcthasbeenon exploring similarity

measureghat are more suitablefor documentclustering,for ex-

ample,cosinesimilarity (Mendeset al. [29]). To our knowledge,
extendingothereffective criterion functions(for example,&; and

G1) with soft membershigfunctionsfor documentclusteringhas
notbeenstudiedin theliterature.

Anotherapproacho soft clusteringproposedy Backer is induced
fuzzy partitioning[1]. The key ideais that a hard clusteringso-
lution is always mentainedn the optimizationprocess.The opti-
mizationprocessstartsfrom aninitial hardparitionandconsistsof
anumberof iterations.During eachiteration,the soft membership
functionis estimatedbasedon the affinity thateachobjecthasfor
hardclustersto inducea soft partition. Then,the hardpartitionis
modifiedin away suchthatthe new inducedsoft partitionleadsto
a bettercriterion function value. The optimizationstopswhenno
modificationof the hard partition canbe made. Notice that after
the optimizationprocesderminatesthereis a pair of clusteringso-
lutions: a hard clusteringsolution and the inducedsoft one. Our
proposedoptimizationalgorithmis similar to inducedfuzzy par
titioning and we focus on evaluatingthe hard clusteringsolution
obtainedby this optimization.



4. HARDCLUSTERING CRITERIONFUNC-
TIONS

A key characteristioof mary partitional clusteringalgorithmsis
thatthey usea global criterion functionwhoseoptimizationdrives
the entireclusteringprocess For someof thesealgorithmsthe cri-
terion function is implicit (eg., PDDP[7]), whereadfor otheral-
gorithms(eg, K-means[28] and Autoclass[8, 10]) the criterion
functionis explicit andcanbe easilystated.This later classof al-
gorithmscanbe thoughtof asconsistingof two key components.
Firstis thecriterionfunctionthatneeddo beoptimizedby the clus-
teringsolution,andseconds theactualalgorithmthatachieves this
optimization.

Recentlywe studiedseven differenthardpartitionalclusteringcri-
terion functionsin the context of documentclustering,which op-
timize variousaspectof intra-clustersimilarity, inter-clusterdis-
similarity, and their combinationg45, 44, 46]. Our experiments
shawved that differentcriterion functionsleadto substantiallydif-
ferentresultswhereasour analysisshaved thattheir performance
dependson the degreeto which they can correctly operatewhen
the datasetontainsclustersof differentdensitieq(i.e., they contain
documentsvhosepairwisesimilaritiesaredifferent)andthedegree
to which they canproducebalancedtlusters.

In this paper dueto spaceconstraintsye focuson only four out of

theseseven criterion functions, which are referredto asZ,, Z»,

&1, and G, [45, 46]. This subsetrepresentssomeof the most
widely-usedcriterion functions for documentclustering,and in-

cludessomeof the best-and worst-performingschemes.A short
descriptionof thesefunctionsis presentedn the restof this sec-
tion, andthe readershouldconsult[45] for a completedescription
andmotivation.

The Z; criterion function (Equation1) maximizesthe sum of the
averagepairwisesimilarities (asmeasuredy the cosinefunction)
betweenthe documentsassignedo eachclusterweightedaccord-
ing to the size of eachclusterand hasbeenusedsuccessfullyfor
clusteringdocumentataset$34].

nig Z cos(ds,d;) | . (1)

k
maximize 7, = Z nr
r=1 d,;,dj €S,

TheZ; criterionfunction(Equation?) is usedby thepopularvector
spacevariantof the K-meansalgorithm (alsoreferredto asspher
ical K-mean$ [9, 26, 12,37]. In this algorithm eachclusteris
representedby its centroidvectorandthe goalis to find the solu-
tion thatmaximizesthe similarity betweeneachdocumentandthe
centroidof theclusterthatis assignedo.

k
maximize Z, = » > cos(di, Cy). )

r=1d;eS,

The &, criterion function (Equation3) computeghe clusteringby
finding a solutionthatseparatethe document®f eachclusterfrom
the entire collection. Specifically it tries to minimize the cosine
betweerthe centroidvectorof eachclusterandthe centroidvector
of theentirecollection. Thecontritution of eachclusteris weighted
proportionallyto its size so that larger clusterswill be weighted

higherin the overall clusteringsolution.

k
minimize £ =Y _ n, cos(Cy, ). (3)

r=1

The G, criterionfunction (Equation4) is derived by modelingthe

relationshipdetweerthedocumentsisingthedocument-to-document

similarity graph G5 [2, 42, 11]. G, is obtainedby treatingthe

pairwisesimilarity matrix of the datasetsthe adjaceng matrix of

Gs. The G; function[13] views the clusteringprocessasthat of

partitioningthe documentsnto groupsthatminimize the edge-cut
of eachpartition. However, becausehis edge-cut-basedriterion

function may have trivial solutionsthe edge-cutof eachclusteris

scaledby the sum of the clusters internal edges[13]. Sincethe

similarity betweeneachpair of documentds measuredisingthe

cosinefunction, the edge-cutbetweenthe rth clusterandthe rest
of thedocumentgi.e., cut(S,, S — S,-) andthesumof theinternal

edgesbetweenthe documentf the rth clusterare given by the

numeratoranddenominatoof Equationd, respectrely.

k Zdiesr,djeS_ST COS(di,dj)
o Yaiges, cos(di dj)

5. SOFT CLUSTERING CRITERION FUNC-
TIONS

A naturalandstraight-forvardway of deriving softclusteringsolu-
tionsis to assigneachdocumentto multiple clusters.This is usu-
ally achieved by using membershipfunctions[29, 17, 3, 1] that
for eachdocumentd; andclustersS;, they computea non-ngative
weight,denotedby m; ;, suchthat" . m; ; = 1, which indicates
the extent to which documentd; belongsto clusterS;. Thus,we
canthink of the variousm; ; valuesasthe fraction by which d;
belongsto clusterS;. Note thatin the caseof a hard clustering
solution,for eachdocument; oneof thesem;, ; valuesis one(the
onecorrespondingdo theclusterthatd; belonggo) andtherestwill
bezero.

minimize G, =

4)

Usingthesemembershigunctionsthesoftclusteringextensionsf
the hard criterion functionsdescribedn Section4 canbe derived
asfollows.

Softz; Criterion Function Sinceeachclustercannow con-
tain fractionsof all the documentsa naturalway of measuringhe
overall pairwisesimilarity betweerthedocumentsssignedo each
clusteris to take into accounttheir membershigunctions. Specif-
ically, we can computethe pairwise similarity betweenthe (frac-
tional) documentsassignedo therth soft clusteras

Dttt cos(di, dy).

0,3

Similarly, we cancomputethe softsizen, of therth softclusteras
nr =y, mir. Usingthesedefinitions,thenthe soft Z; criterion
function,denotedby S7;, is definedasfollows:

k
maximize SZ; = E Tor (_LQ E Wi r [, COS(di,dj)) . (5)
n
r=1 T i

SoftZ, Criterion Function A softversionof the Z, criterion
function can be obtainedby extendingthe notion of the clusters
centroid vector to soft clusters. Since eachsoft clustercontains




fractionsof documentsits centroidvectorshouldalsobecalculated
basedon thefractionaldocumentghatit contains.Specifically we
candefinethe softcentroidvectorof therth soft clusterC,. as

G - vazl /u,rdi7

zs

which takesinto accountthe fractionalmembershipf eachdocu-
mentandits soft size. Using the above definition, the soft Z, cri-
terion function, denotedby SZ., canbe obtainedby requiringthe
clusteringsolutionto maximizethe similarity betweenthe (frac-
tional) documentsassignedo a soft clusterandits centroid. This
is formally definedasfollows:

k N
maximize ST, =y (Z i cos(di,Ur)> . (6)

r=1 \i=1

Soft&; Criterion Function  The &; criterion function tries to
separatéhe centroidof eachclusterfrom thatof the entirecollec-
tion andweightseachclusterby its size. Thus,thenew elemente-
ing introducedn trying to developasoftversionof the & criterion
function (over thoseintroducedby 7Z; andZ:) is the notion of the
collectioncentroid. In our soft formulationof £;, we computethis
centroidby treatingthe entirecollectionasonesoft cluster In this
case,the value of the membershigfunction for eachdocumentto
this clusteris one,andasa result,the soft collectioncentroidis the
sameasthatfor hardclustering;thatis, C = C = 3.~ | di/N).
Given this definition andthe earlierdefinitionsof soft clustercen-
troid andsoftclustersize,thesoft&; criterionfunction,denotecby
SG,, isdefinedasfollows:

k
= Zﬁr cos(C., O). (7

r=1

minimize S&;

Softg; Criterion Function In orderto develop a softversion
of thed; criterionfunctionwe needto properlydefine(i) theedge-
cutbetweeraclusterandtherestof thedocumentsn thecollection,
and(ii) thesumof theweightsof theedgedetweerthedocuments
in eachcluster Sincethe weightsof the edgesbetweeneachpair
of documentscorrespondsgo the cosinesimilarity betweentheir
respectie documentssectors,both of the above quantitiescanbe
easilyobtainedby extendingthe expressionsn Equation4 to take
into accountthe membershigunctions. Specifically we cancom-
putethesoftversionof the sumof theweightsof theedgesetween
thedocument®f therth cluster(thedenominatoof Equatiord) as
245 Mirit,r cos(di, d;). Similarly, sincethe rth clustercontains
fractionsof all the documentsthe fractionsof the documentghat
arenot assignedo this clusterarethe fractionsthat belongto the
clustercorrespondingdo the “rest” of the documents.As a result,
we cancomputetheedge-cubetweertherth clusterandtherestof
thedocumentsn thecollectionasy_, ; i, (1 — puj,r) cos(ds, d;).
Usingtheseadefinitions thesoftversionof the g, criterionfunction,
denotedby SG1, isdefinedasfollows:

Z 22 M (1 = pg,r) cos(di, dy) ®)
ZZ g Mir g, cos(d;, d;) .

6. SOFT PARTITIONAL CLUSTERINGAL-
GORITHM

Our focusthusfar hasbeenon developing soft-clusteringexten-
sionsfor four differentcriterion functionsthat are usedto obtain
hard-clusteringsolutions.We now turn our attentionon developing

minimize SG; =

algorithmsthatcomputeclusteringsolutionsthatoptimize eachof
thesecriterionfunctions.

Traditionally, soft clusteringalgorithmsarederived by analytically
optimizingtheirrespectie criterionfunctionsusingLagrangemul-
tipliers (eg., fuzzy C-meansalgorithm [3]). This analytical ap-
proachleadsdirectly to an iterative stratgy that determinesthe
valuesof the variousmembershigfunctionsby which the overall
criterion functionis optimized. Eventhoughthis approachcanbe
appliedto optimize the SZ. criterion function [29], analytically
deriving suchoptimizationiterationsfor the SZ;, S€1, and SG;

functionsis hardif notimpossible.For this reasonwe developed
a soft partitional clusteringalgorithm that determinesthe values
of the membershigunctionsof the variousdocumentdollowing
theinducedfuzzy partitioningapproact1], andoptimizesthe soft
criterion functionsusing a hard-clusteringbasedoptimizationap-
proach.

6.1 Determining the Membership Functions

Given ahardk-way clusteringsolution{.Si, Sa, ..., Sk }, we define

the membershipf documentd; to clusterS; to be
cos(ds, C;)™

TS cos(di,

where(C,. is the centroidof the hardclusters,..

©)

Theparametern in Equation9 is the fuzzyfactor andcontrolsthe

“softness” of the membershipfunction and hencethe “softness”
of the clusteringsolution (the inclusion of the fuzzy factor was

motivated by the formulation of the fuzzy C-meansalgorithm).
Whenm is equalto zero, the membershipvaluesof a document
to eachclusterarethe same(i.e., thereis no preferenceo a partic-

ular cluster).On the otherhand,asm approachefinity, the soft

membershigunction becomeghe hardmembershigunction (i.e.,

wi,j = 1, if d; ismostcloseto S;; u;,; = 0, otherwise).In general,
the softnessf the clusteringsolutionincreasessthe value of m

decreaseandvice versa.

6.2 Determining the Clusters

Aswe mentionedn Section3, ahard-clusterindpasedptimization
approachresultsin a pair of clusteringsolutions:a hardclustering
solutionandtheinducedsoft clusteringsolution. In this paperwe
focusonthehardclusteringsolutionandusedaclusteringapproach
thatdeterminesheoverall k-way clusteringsolutionby performing
asequencef clusterbisectionsln thisapproacha k-way solution
is obtainedby first bisectingthe entirecollection. Then,oneof the
two clustersis selectedandit is further bisected)eadingto atotal
of threeclusters. The processof selectingand bisectinga partic-
ular clustercontinuesuntil k£ clustersare obtained. This repeated
bisectioningapproachwas motivatedfor two reasons. First, re-
centstudieson hardpartitionalclustering[37, 46] have shovn that
suchanapproacheadsto betterclusteringsolutionsthanthetradi-
tional approachthatcomputeghe k-way solutiondirectly. Second,
it leadsto analgorithmthathasa lower computationabomplexity
(in mostcasest is fasterby anorderof k).

Eachof thesebisectionds performedn two steps.During thefirst

step,aninitial clusteringsolutionis obtainedby randomlyassign-
ing the documentgo two clusters.During the secondstep,theini-

tial clusteringis repeatedlyrefinedsothatit optimizesthe desired
clusteringcriterionfunction.

Therefinemenstratgy consistsof a numberof iterations.During



eachiteration, the documentsare visited in a randomorder For

eachdocumentd, we computethe changein the value of the soft

criterionfunctionobtainedby moving d to theothercluster Thisis

doneby deriving the membershipvaluesfor the originalandmod-
ified hard clusteringsolution (i.e., assumingthat d moved to the

other cluster) and then calculatethe changeof the soft criterion

function. If the changeimproves the criterion function, thend is

moved to thecluster If nosuchclusterexists,d remainsn theclus-

ter thatit alreadybelongsto. The refinementphaseends,assoon
aswe performaniterationin which no documentsnoved between
clusters.The detailedpseudo-cod@andalgorithmdescriptionrefer
to Algorithm 6.1.

Algorithm 6.1: SOFT2WAY REFANE(S1, S2)

C < centroidof S;

C2 «— centroidof Sz

wi,; < membershipaluesusingCi andCs
F « fuzzy criterionfunctionvalue

while movementsaaremade

(for each d € S1 U §s

(S1,53) < 2-way clusteringaftermoving d
C + centroidof S}

C% « centroidof S5

Wi ; — membershipaluesusingC; andCs

do Fle fuzzy criterionfunctionvalue

do if ' is betterthanF
S1 «— S
So «— S5
then Fe F

\ ~ Mig — Wi, Vi,j

return (Si, S2)

Note that unlike the traditional refinementapproachusedby K-
meanstype of algorithms,the above algorithmmaoves a document
assoonasit is determinedhatit will leadto animprovementin
the value of the criterion function. This type of refinementalgo-
rithmsareoften calledincremental14]. Sinceeachmove directly
optimizesthe particularcriterion function, this refinemenstratey
alwaysconvergesto alocal minima.

The greedynatureof the refinementalgorithmdoesnot guarantee
thatit will corverge to aglobalminima,andthelocal minimasolu-
tion it obtainsdepend®n the particularsetof seeddocumentghat
wereselectedluringtheinitial clustering.To eliminatesomeof this
sensitvity, the overall processs repeateda numberof times. That
is, we computeN differentclusteringsolutions(i.e., initial clus-
tering followed by clusterrefinement),and the one that achieves
the bestvaluefor the particularcriterionfunctionis kept. In all of
our experimentswe usedN = 10. For therestof this discussion
whenwe referto the clusteringsolutionwe will meanthe solution
that was obtainedby selectingthe bestout of theseN potentially
differentsolutions.

6.2.1 ClusterSelection
A key stepin this repeatedisectionalgorithmis the methodused
to selecwhich clusterto bisectnext. In ourexperimentsye useda
simplestrateyy of bisectingthelargestclusteravailableatthatpoint
of theclusteringsolution.Ourearlierexperiencewith thisapproach

shaved that it leadsto reasonablygood and balancedclustering
solutions[37, 45].

We alsouseda stratgy to stopbisectinga cluster Specifically if

after the bisection,one of the resultedtwo clusterscontainsless
than 5% of all the documentswe considerthat the clusteris not
separableaccordingto the criterion function. In suchcaseswe
keepthe clusterasit is and do not selectit for further bisections.
Thus, the numberof clustersreturnedby our algorithm could be
smallerthanthe numberof requiredclustersastheinput (if all the
resultedclustersmeetthe stopcondition).

6.2.2 ComputationalCompleity

Eachiteration of the refinementof a 2-way clusteringof a setof

documentgequiresthe examinationof the movementof eachone
of thedocumentgo the othercluster During this processthe most
expensve computatioris the calculationof the membership/alues
which needto be updatedfor all the documents.Thus, the time

compleity of eachiterationis O(n?). If we assumehateachsuc-

cessve bisectionsplits the documentsnto two roughly equal-size
clustersandthatwe follow alargerclusterselectionstrateyy, then

theoveQraIIamountof timerequiredto computeall £ — 1 bisections
isO(n?).

7. EXPERIMENTAL RESULTS

We experimentallyevaluatedthe performanceof the various soft

criterionfunctionsandcomparedhemwith thecorrespondindpard
criterionfunctionsusinga numberof differentdatasetsin therest
of this sectionwe first describehevariousdatasetsandour experi-

mentalmethodologyfollowedby adescriptionof theexperimental
results.

7.1 Document Collections

In our experiments,we useda total of twelve differentdatasets,
whosegenerakharacteristicaresummarizedn Tablel. Thesmall-
estof thesedatasetgontained356 documentandthe largestcon-
tained 1,170 documents. To ensurediversity in the datasetswe
obtainedthemfrom differentsources.For all datasetsye useda
stop-listto remove commonwords, and the words were stemmed
usingPorters suffix-stripping algorithm[33]. Moreover, ary term
thatoccursin fewer thantwo documentsvas eliminated.

Thehitech andsportsdatasetsverederived from the SanJoseMer-
cury nevspaperarticlesthat are distributed as part of the TREC
collection (TIPSTERVol. 3). Eachone of thesedatasetsvere
constructeddy selectingdocumentghat are part of certaintopics
in which the variousarticleswere categyorized (basedon the DE-
SCRIPTtag). The hitech datasetontaineddocumentsaboutcom-
puters,electronicshealth,medical,researchandtechnology;and
the sportsdatasetontaineddocumentsaboutbaseballpasletball,
bicycling, boxing, football, golfing, andhockey. The dataset&la
k1bh andwap arefrom the WebACE project[31, 18, 5, 6]. Each
documentorrespondso awebpagelistedin thesubjecthierarchy
of Yahoo![40]. Thedataset&laandklbcontainexactly thesame
setof documentsout they differ in how the documentswere as-
signedto differentclassesin particular klacontainsafiner-grain
catgorizationthanthat containedn k1h Thefbis datasets from
the Foreign Broadcastinformation Servicedataof TREC-5[39],
andthe classesorrespondo the categorizationusedin that col-
lection. Thelal andla2 datasetsvere obtainedfrom articlesof
the Los AngelesTimesthatwas usedin TREC-5[39]. The cate-
goriescorrespondo thedeskof thepaperthateacharticleappeared



Table 1: Summary of data setsused to evaluate the various clustering criterion functions.

Data Source # of documents] # of terms| # of classeg
hitech SanJoseMercury (TREC) 767 7499 6
sports SanJoseMercury (TREC) 858 7163 7
reutersl|| Reuters-21578 908 10582 3
odp OpenDirectory Project 356 551 3
inspecl || ScientificDatabase 920 11803 3
wap WebACE 780 7131 20
kla WebACE 1170 9527 20
klb WebACE 1170 9781 6
fbis FBIS (TREC) 821 1997 17
lal LA Times(TREC) 801 8449 6
la2 LA Times(TREC) 769 8333 6
rel Reuters-21578 829 3221 25

andinclude documentdrom the entertainmentfinancial, foreign,
metro,national,andsportsdesks.The datasete0 is from Reuters-
21578text categyorizationtestcollectionDistribution 1.0[27]. The
reutes], odp, andinspecldatasetsarethe datasetsisedby [29].
Referto [29] for detailedinformation aboutthesedatasets.As a
summaryreuteslwas derived from the Reuters-21578ollection.
Thereutes1 datasetontainsdocumentsrom threeclassestrade,
acgandearn. The odp datasetwas derived from the opendirec-
tory projectandconsistf threeclassesdrugs,health,andsport.
Finally, theinspecldatasetwas derived from a scientificdatabase
and the documentsare on the topics of back-propagationfuzzy
control,andpatternclassification Notethatall the datasetsisedin
our studydo not containdocumentsvith multiple classlabels. The
original odp andinspecldatasetsn [29] containsomedocuments
with multiple classlabels. For the purposeof our study we only
selectedhosedocumentghatonly belongto oneclass.

7.2 Experimental Methodology and Metrics
For eachone of the differentdatasetsve obtaineda 10-way and
20-way clusteringsolutionthatoptimizedthe varioushardandsoft
clusteringcriterion functions (Equationsl1- 8). Specifically for
eachhardcriterion function, we comparedt with the correspond-
ing soft criterion functionswith a fuzzy factorm of differentval-
ues. The quality of a clusteringsolutionwas evaluatedusingthe
entropy measurehatis basedon hav the variousclassef docu-
mentsaredistributedwithin eachcluster

Given a particularclustersS,. of sizen.., theentropy of this cluster
is definedto be

1 I n nt
E(S,) =— — log —,
(Sr) logq;nr 8 Ny

whereg is thenumberof classesn thedataseandn’. is thenumber
of documentf the ith classthatwereassignedo the rth cluster
The entrofy of the entiresolutionis definedto be the sumof the
individual clusterentropieswveightedaccordingto the clustersize,
ie,

k
Ny
Entropy = —E(S;).
py ; L B(Sy)
A perfectclusteringsolutionwill bethe onethatleadsto clusters
thatcontaindocumentgrom only a singleclass,in which casethe
entropy will bezero.In generalthesmallerthe entrofy valuesthe
betterthe clusteringsolutionis.

To eliminateary instanceshataparticularclusteringsolutionfor a
particularcriterion function got trappedinto a badlocal optimum,

in all of our experimentswe found ten different clusteringsolu-
tions. As discussedn Section6.2 eachof theseten clusteringso-
lutions correspondo the bestsolution (in termsof the respectie
criterion function) out of ten differentinitial partitioningand re-
finementphases.

7.3 Comparison of the Hard and Soft Crite-

rion Functions

Ourexperimentsaverefocusedon evaluatingthequality of theclus-
tering solutions producedby the various hard and soft criterion
functionswhenthey wereusedto computea k-way clusteringso-
lution via repeatedisections.The clusteringsolutionsof various
hardcriterionfunctionswereobtainedby usingCLUTO [23]. The
resultsfor the variousdatasetsnd criterion functionsfor 10-, and
20-way clusteringsolutionsare shavn in Tables2 and 3, respec-
tively.

Theresultsfor eachdatasetare shavn in eachsubtablejn which
eachcolumncorrespondso oneof thefour criterionfunctions.The
resultsof the soft criterionfunctionswith variousfuzzy factorval-
uesare showvn in the first five rows (labeledby the fuzzy factor
values)andthoseof thevarioushardcriterionfunctionsareshavn
in thelastrow. Theentriesthatareboldfacedcorrespondo thebest
valuesobtainedfor eachcolumn, (i.e., for eachcriterion function,
the bestvalueamongthe hard andvarioussoft criterion functions
with differentm valuesfor eachdataset)whereashe underlined
entriescorrespondo the bestvaluesobtainedamongall the crite-
rion functionsfor eachdataset.

A numberof obsenationscanbe madeby analyzingthe resultsin
Table2. First,for mostdatasetsintroducingsoftnessnto eachone
of the four criterion functionsimproved the quality of the cluster
ing solutions,and differenttrendscan be obsered in the relative
improvementfor differentcriterion functions. The SZ, criterion
functionoutperformedz; on eightdatasetsamongwhichtherela-
tive improvementsweregreaterthan10% for six datasetsvith the
largestimprovementof 23%. The effect of introducing softness
was lesssignificant, but more consistentfor both SZ, and SG,
thanthatfor SZ;. Foronly threedatasetsSZ, andSG; performed
betterthanZ, and g, respectrely, by morethan10%. However,
S7Z, and SG; outperformedZ, andG; on ten and nine datasets,
respectrely. S&; benefitsthe leastwith improvementsobsened
on seven dataseteindimprovementgreaterthan10%obsenedon
two datasetsSecondthefuzzy factorvaluesthatachieved the best
clusteringsolutionsseemedo vary for different datasetswhich
suggestghat the properfuzzy factor valuesmay relateto some
characteristicof the datasetsaand their classconformations. Fi-
nally, SG, was lesssensitve to the choiceof fuzzy factorvalues



Table 2: The Entropies of the clustering solutions obtained by hard and soft criterion functionswith various fuzzy factors.

hitech 10-way sports 10-way reutersl 10-way

Method T Io &1 [ 11 Io &1 [ 11 Io &1 g1
m=1 | 0.757| 0.644| 0.674| 0.584 0.431| 0.245| 0.208| 0.200 0.228| 0.229| 0.287| 0.283
m=2 | 0.627| 0.639| 0.618| 0.596 0.497| 0.248| 0.219| 0.161 0.205| 0.194 | 0.232| 0.222
m=4 | 0.616| 0.612| 0.615| 0.599 0.270| 0.250( 0.119| 0.170 0.194 | 0.210| 0.226 | 0.201
m=26 | 0611 | 0.586 | 0.586| 0.603 0.274| 0.177 | 0.106 | 0.156 0.264| 0.231| 0.298| 0.214
m =28 | 0.618| 0.594| 0.582| 0.587 0.294| 0.204| 0.133| 0.161 0.359| 0.296| 0.370| 0.255
hard 0.644| 0.610| 0.573 | 0.585 0.252 | 0.181| 0.158| 0.185 0.250( 0.218] 0.262| 0.248

odp 10-way Inspecl 10-way wap 10-way
Method | ) Lo & G1 Iy Lo &1 G1 Iy I & g1
m=1 | 0236 | 0.210 | 0.216 | 0.224 0.326 | 0.324| 0.330| 0.298 0.586| 0.540| 0.513| 0.386
m=2 | 0.277| 0.246| 0.218| 0.247 0.365| 0.303| 0.297| 0.303 0.570| 0.412| 0.411| 0.387
m=4 | 0.326| 0.289| 0.309| 0.282 0.469| 0.297| 0.300| 0.295 0.595| 0.385| 0.399| 0.376
m=26 | 0.379| 0.327| 0.335| 0.308 0.390| 0.306| 0.286| 0.300 0.456| 0.415| 0.398 | 0.371
m=2_8 | 0.421| 0.308| 0.355| 0.346 0.400| 0.302| 0.320| 0.297 0.454| 0.443| 0.412| 0.409
hard 0.293| 0.283| 0.233| 0.256 0.441] 0.293 | 0.283 | 0.290 0421 | 0.414] 0.408| 0.381

kla 10-way k1b 10-way fbis 10-way
Method | 7: Lo & G Iy Lo &1 G1 Iy I & [eh
m=1 | 0.601| 0.585| 0.530| 0.432 0.240| 0.223| 0.200| 0.160 0.525| 0.527| 0.510| 0.416
m=2 | 0.573| 0.519| 0.437| 0.413 0.347| 0.205| 0.181| 0.112 0.529| 0.429| 0.424| 0.387
m=4 | 0.584| 0.418 | 0.407| 0.443 0.259| 0.153 | 0.125 | 0.157 0.375| 0.398| 0.404| 0.372
m=26 | 0448 | 0.429| 0.406 | 0.418 0.238| 0.174| 0.148| 0.113 0.379| 0.380 | 0.394 | 0.378
m=38 | 0.487| 0.462| 0.436| 0.435 0.249| 0.226| 0.194| 0.189 0.399| 0.387| 0.430| 0.393
hard 0.460| 0.434| 0.410| 0.419 0.169 | 0.154| 0.153| 0.133 0.396( 0.396] 0.398| 0.382

lal 10-way la2 10-way rel 10-way
Method A Is &1 G1 71 Zs &1 g1 Al I &1 G1
m=1 | 0.784| 0.747| 0.714| 0.486 0.832| 0.808| 0.788| 0.408 0.462| 0.500| 0.489| 0.422
m=2 | 0.756| 0.559| 0.463| 0.428 0.841| 0.401| 0.393| 0.377 0.473| 0.451| 0.417| 0.417
m=4 | 0.687| 0.459| 0.456| 0.419 0.381 | 0.388| 0.363| 0.380 0.424| 0.386 | 0.394 | 0.415
m=26 | 0459 | 0.423| 0.469| 0.422 0.408| 0.358 | 0.380| 0.369 0.424| 0.409| 0.396| 0.397
m =238 | 0.465| 0.448| 0.467| 0.421 0.357| 0.374| 0.418| 0.417 0.442| 0.393| 0.405| 0.412
hard 0.519| 0423 | 0.413 | 0.418 0.457| 0.400| _0.338 | 0.367 0.414 | 0.397| 0.396| 0.404

thanthe otherthreecriterion functions. Similar trendscanbe ob-
senedfrom Table3 as well.

Note that for the fbis andrel datasetsthe resultsof 10- and 20-
way clusteringsolutionsarethe samefor the Z; andvariousSZ:
criterionfunctions.Thatis becauseve emplo/ed a strateyy to stop
bisectinga clusterasdescribedn Section6.2.1. Theactualnumber
of clustersobtainedby the Z; andvariousSZ; criterionfunctions
is smallerthantenfor bothfbis andrel.

8. DISCUSSION

The experimentalresultspresentedn the previous sectionsuggest
thatfor mostdatasetsoft criterionfunctionscanimprove thequal-
ity of the clusteringsolutions.In this section,we look at the clus-
tering solutionsobtainedby soft criterionfunctionsmorecarefully
andidentify someof the differentcharacteristicebseredin clus-
teringsolutionsobtainedby hardandsoft criterionfunctions.

8.1 Theeffect of fuzzy factor

Wefirstlook athow thefuzzy factoreffectsthe moves madeby the

varioussoftcriterionfunctions.Recallthatthefuzzyfactorcontrols

the“softness”of themembershigunctionandhencethe“softness”
of the clusteringsolutions. As m increasesthe soft membership

function becomeshe hard membershigfunction (i.e., pi; = 1,
if d; is mostcloseto Sj; pi; = 0, otherwise),and consequently
softcriterionfunctionsbecomehardcriterionfunctions.Hence for
every move madeby softcriterionfunctions,if we alsocomputethe
gainof thecorrespondindnardcriterionfunction,we would expect
that the agreemenbetweensoft and hard criterion functionswill
increaseasm increases.

Figurel(a)shovstheaveragepercentagesf movesthatweremade
by the various soft criterion functions and agreedby the corre-
spondinghardcriterionfunction. The percentagealueswereaver-
agedover all thedatasetsAs shavn in Figurel(a),asm increases,
we do seeatrendof increasingagreemenbetweerthesoftandthe
correspondindpardcriterionfunctionsfor SZ1, SZ», andS¢;.

Oneof theinterestingobsenationsis that eventhoughthe degree
to which the hardandsoft criterion functionsagreeincreasesvith
increasingn, it doesnotreachvery highvalues(i.e., it doesnotap-
proach100%). Thisis true even for large valuesof m (notshavn
in thegraph).Thereasorfor thatis thatthehardclusteringsolution
inducedby the soft clusteringalgorithmwill assigneachdocument
to the clusterfor which it hasthe highestmembershigfunction.
However, this clustermay not necessarilypethe onethatoptimizes



Table 3: The Entropies of the clustering solutions obtained by hard and soft criterion functionswith various fuzzy factors.

hitech 20-way sports 20-way reutersl 20-way

Method T Io &1 [ 11 Io &1 [ 11 Io &1 g1
m=1 | 0.746| 0.591| 0.639| 0.513 0.187| 0.206| 0.165| 0.150 0.218| 0.211] 0.251| 0.233
m=2 | 0.598| 0.586| 0.554| 0.550 0.175| 0.194| 0.181| 0.131 0.202| 0.189| 0.215| 0.183
m=4 | 0.587| 0.551| 0.566| 0.544 0.170| 0.148| 0.108| 0.112 0.180 | 0.202| 0.211| 0.185
m=26 | 0578 | 0.523 | 0.545| 0.550 0.164 | 0.128 | 0.099 | 0.133 0.233| 0.200| 0.263| 0.182
m =38 | 0.583| 0.532| 0.529| 0.550 0.221| 0.144| 0.125| 0.109 0.283| 0.259| 0.313| 0.218
hard 0.592| 0.553| 0.524 | 0.541 0.177| 0.138| 0.122| 0.141 0.198| 0.159 | 0.206 | 0.186

odp 20-way I nspecl 20-way wap 20-way
Method | ) Lo & G1 Iy Lo &1 G1 Iy I & g1
m=1 | 0227 | 0.153| 0.176| 0.208 0.326 | 0.324| 0.330| 0.282 0.578| 0.523| 0.494| 0.324
m=2 | 0.234| 0.151 | 0.150 | 0.220 0.363| 0.301| 0.290| 0.290 0.559| 0.321| 0.309| 0.307
m=4 | 0.295| 0.202| 0.245| 0.219 0.469| 0.286| 0.276| 0.281 0.585| 0.308 | 0.308 | 0.283
m=26 | 0.277| 0.255| 0.257| 0.253 0.374| 0.291| 0.273| 0.281 0.377| 0.311| 0.321| 0.277
m=38 | 0.363| 0.267| 0.268| 0.297 0.376| 0.290| 0.309| 0.284 0.384| 0.335| 0.325| 0.317
hard 0.281| 0.228| 0.201| 0.217 0.427]| 0.283 | 0.270 | 0.275 0.326 | 0.329| 0.319| 0.307

kla 20-way k1b 20-way fbis 20-way
Method 11 Io &1 [ 11 Io &1 [ 11 1o &1 [
m=1 | 0596| 0.579| 0.525| 0.363 0.226| 0.200| 0.187| 0.125 0.525| 0.504| 0.469| 0.343
m=2 | 0.570| 0.495| 0.350| 0.343 0.344| 0.181| 0.123| 0.096 0.529| 0.374| 0.362| 0.311
m=4 | 0.574| 0.329 | 0.321 | 0.340 0.256| 0.104| 0.107| 0.120 0.375| 0.321| 0.330| 0.290
m =6 | 0.340 | 0.339| 0.333| 0.344 0.139 | 0.110| 0.125| 0.099 0.379| 0.309 | 0.326 | 0.304
m=38 | 0.414| 0.364| 0.345| 0.361 0.152| 0.157| 0.154| 0.144 0.399| 0.319| 0.357| 0.319
hard 0.376| 0.347| 0.349| 0.334 0.155| 0.076 | 0.105 | 0.091 0.396( 0.322] 0.329| 0.316

lal 20-way a2 20-way rel 20-way
Method 11 Io &1 G1 11 Is &1 g1 Iy I &1 g1
m=1 | 0.783] 0.746| 0.702| 0.426 0.832| 0.808| 0.788| 0.364 0.462| 0.434| 0.414| 0.321
m=2 | 0.747| 0.543| 0.416| 0.380 0.841| 0.359| 0.348| 0.326 0.473| 0.379| 0.309| 0.310
m=4 | 0.671| 0.414| 0.390| 0.379 0.339 | 0.341| 0.326| 0.334 0.424| 0.280 | 0.307| 0.277
m=26 | 0.410| 0.382 | 0.402| 0.391 0.353| 0.313 | 0.329| 0.319 0.424| 0.299| 0.307| 0.284
m=2_8 | 0401 | 0.416| 0.404| 0.383 0.335| 0.333| 0.374| 0.355 0.442| 0.317| 0.326| 0.317
hard 0.447| 0.385] 0.379 | 0.386 0.390| 0.333| 0.307 | 0.334 0.414 | 0.299| 0.287| 0.300

the respectie hardcriterion function. Despitethis fact, the trend,
thatthe agreemenbetweensoft andthe correspondindhardcrite-
rion functionsincreasesasm increasesis still valid asshavn in
Figurel(a).

For SG,, theagreemenbetweenSG; andG; seemdesssensitve
to the increasingof fuzzy factor values,which is consistentwith
theobsenationfor SG; from Tables2 and 3.

8.2 Soft criterionfunctionstend tomakemoves

mor e consistent with cluster separations.
We alsolooked atthe degreeto which the movementof documents
betweenclusters,asbeingperformedduring the hardandsoft cri-
terion function optimizations,affects the inter-clusterseparation.
Specifically every time a documenis moved betweertwo clusters
(becausesucha move improves the overall value of the criterion
function), we computedthe cosinesimilarity betweenthe cluster
centroidsbeforeandafterthe move. Figurel(b) shovstheaverage
percentagesf the moves thatalsofurther separatehe clustercen-
tersfor variouscriterion functions(i.e., the cosinevalue between
the two centroidsdecreasedfter the move). Again the percent-
ageswere averagedover all the datasets.The last datapoint for
eachcriterion function representshe averagepercentagdor the

hardcriterion function. As shown in Figure1(b), the move made
by hardcriterion functionswill not alwaysincreasehe separation
betweerclustercentersywhereaghesoftcriterionfunctionstendto
malke moves thataremoreconsistenwith clusterseparationsFor
871, SI, andS&1, morethan99.4%of the moves will separate
clustercenterdurtherwhenm = 1, andthe percentagelecreases
asm increasegi.e., the “softness”of clusteringdecreases)This
propertywas alsoobseredfor fuzzy C-meand14] aswell.

8.3 Soft criterion functionstend to lead to less

balanced clustering solutions.
Anothernotabledifferenceof clusteringsolutionsobtainedby hard
and soft criterion functionsis that softcriterion functionstendto
leadto lessbalancedtlusteringsolutions,andthe smallerthefuzzy
factorvalueis, thelessbalancedhe clusteringsolutionwill beob-
tained. Table4 givesan exampleof 10-way clusteringsolutions
obtainedby S7, andZ, for reutesl

Thereasorthat softcriterionfunctionstendto leadto lessbalanced
solutionsis that sincenow one documentcan contrikbute to both
clusters,the differenceof soft sizesbetweentwo clusterswill be
smallerthanthatof hardsizes.Hence soft criterion functionswill
tolerateclusterswith higher differencein clustersizes. Previous
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Figure 1: (a) Average percentages of the moves that made by both hard and soft criterion functions. (b) Average percentages of the

moves that increase cluster separations.

Table 4: Comparison of 10-way clustering solutions obtained by Z, and SZ- for reutersl.

SZ, with m = 2 (Entropy=0.194)

7, Criterion (Entropy=0.218)

cid Size Sim trad acq earn cid Size Sim trad acq earn
0 58 +0.220 O 0 58 0 83 +0.185 24 48 11
1 119 +0.220 O 0 119 1 67 +0.187 O 1 6
2 34 +0.219 32 0 2 2 136 +0.186 O 2 134
3 82 +0.188 22 48 12 3 76 +0.153 74 2 0
4 62 +0.171 59 3 0 4 67 +0.118 66 0 1
5 45 +0.090 O 5 40 5 88 +0.096 86 2 0
6 139 +0.078 137 2 0 6 79 +0.076 O 75 4
7 51 +0.074 O 46 5 7 85 +0.067 O 83 2
8 152 +0.054 O 146 6 8 98 +0.049 O 71 27
9 166 +0.035 1 160 5 9 129 +0.038 1 126 2

studies [46, 13] shaved thathighly unbalanceatlusterswill harm

the quality of clusteringsolutions,hencethe properfuzzy factor

should not be too small. Note that from the discussionin Sec-

tion 8.2, we know that asthe value of the fuzzy factorincreases,
a large fraction of the moves will not leadto betterclustersepara-
tions. Hence the fuzzy factorvaluethatleadto the bestclustering

solutionhasto achiere the balancebetweerthesetwo factors.

9. CONCLUSIONANDFUTURE RESEARCH

In this papermwe extendedfour criterionfunctionsthatwerestudied
in our previous work [46] to tackle the soft documentclustering
problem. We developedan approactsimilar to the inducedfuzzy
partition [1] to optimize varioussoft criterion functions. We pre-
senteda comprehensie experimentalevaluationinvolving twelve
different datasetsand somediscussionsaboutthe various trends
obsered from experimentalresults. Our experimentalresultsand
analysisshav thatthe soft criterion functionstendto consistently
improvetheseparatiometweertheclustersandleadto betterclus-
teringresultsfor mostdatasets.

We plan to extend the work in this paperalongthreedirections.
First, develop and evaluatesoft clusteringextensionsfor the re-
maining three criterion fuctnions studiedin [46], which includes
someof the schemeghat optimize internal and external charac-
teristicsof clusteringsolutions. Second expandour evaluationto
determinethe effectivenesof thesesoft criterion functionsto pro-
duce overlappingclusteringsolutions. Third, further understand

SG, andthereasorwhy it is lesssensitve to thevalueof thefuzzy
factorasdiscussedn Section8.
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